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1 Spectrum of truncated fields
A simple test may consist of initializing a known velocity field u(x) expressed, for example,
as a superposition of Fourier modes, which span from −N/2 to N/2 − 1 in each direction,
where N is the number of grid points (here I am using grid spacing ∆k = 1 in Fourier space
and ∆x = 2π/N in physical space). Then we take the Fourier transform of u, û = F [u](k),
and we multiply it by the box function

Bα(k) =

{
1 if |ki| < N/α, ∀ directions i
0 otherwise

(1)

for different values of α. We are interested in α = 3 which corresponds to the 2/3 rule and
α = 4 which gives the 1/2 rule for sharp dealiasing. We can compute the energy spectrum
of u

E (k) =
1

2

∑
k s.t. |‖k‖−k|<δ

|û(k)Bα(k)|2 (2)

after those two different truncations. We expect that the spectra for α = 3, 4 are identical till
‖k‖ = N/4 then they start to differ and the spectrum at α = 4 becomes zero at ‖k‖ =

√
3N/4

while the one at α = 3 becomes zero at ‖k‖ = N/
√

3.

2 Incompressibility and de-aliased pressure Hessian
In our post-processing we aim to fulfill the incompressibility condition

Tr (H + A ·A) = 0, (3)

where A =∇u is the velocity gradient and H =∇∇P is the pressure Hessian. The maxi-
mum wavenumber that can be represented on the grid is the Nyquist wavenumber N/2 and
wavenumbers exceeding the Nyquist wavenumber, |ki| > NNyq, are aliased to wavenumbers
mod(ki, N/2) ∈ (−N/2, N/2). The convective non-linear term requires the computation of
products of the velocity field with itself thus involving 2N active Fourier modes, which can
not be represented on the grid. In order to remove the aliasing error in standard DNS, the
Fourier transform of the velocity field is set to zero at wavenumbers |ki| ≥ N/3 and the
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resulting non-linear convective term is not aliased at wavenumbers |ki| < N/3. However, the
non-linear convective term still involves aliased wavenumbers in the range N/3 < |ki| ≤ N/2,
and these are removed once the convolution sum is transformed back to Fourier space by
setting to zero the amplitudes associated with |ki| ≥ N/3. Using the Fourier transform of
the velocity field, namely ûi = F [ui], the de-aliased pressure Hessian is computed as

Cpq = F−1 [ûpB3]F−1 [ûqB3] , (4a)

HP
ij = F−1

[
kikj

kpkq
k2
F [Cpq]B3

]
, (4b)

The velocity gradient Aij is computed from ûi as

Aij = F−1 [kjûiB3] . (5)

However, computing HP
ij and Aij in this way violates equation (3), since A ·A effectively

contains information at higher wavenumbers than does HP .
One way to ensure that (3) is satisfied is to apply an additional truncation step when

computing A ·A (as in the next time step of DNS), namely

AijAlm = F−1 [F [AijAlm]B3] , (6)

However, (6) violates the constraint AijAij ≥ 0. This is because the additional truncation in
Fourier space described by (6) corresponds to the convolution of AA with the sinc function
in physical space, and this function takes on negative values.

In order to satisfy AijAij ≥ 0 and equation (3), we truncate the Fourier transform of the
velocity field at |ki| ≤ N/4 so that quadratic products such as AijAlm are resolved on the
grid, and no additional truncation or de-aliasing is required. Therefore the pressure Hessian
is computed using

Cpq = F−1 [ûpB4]F−1 [ûqB4] , (7a)

HP
ij = F−1

[
kikj

kpkq
k2
F [Cpq]

]
, (7b)

together with

AijAlm = −F−1 [kjûiB4]F−1 [kmûlB4] , (8)

We may compute the velocity gradients and pressure Hessian using the 1/2 rule and check
that incompressibility constraints and positive definiteness are both satisfied in the resulting
data. At the beginning we could introduce this check in the DNS itself.
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